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THE REL LEAF AND REAL-REL RAY OF THE 
ARNOUX-YOCCOZ SURFACE IN GENUS 3 

W. PATRICK HOOPER AND BARAK WEISS 


Abstract. We analyze the rel leaf of the Arnoux-Yoccoz trans¬ 
lation surface in genus 3. We show that the leaf is dense in the 
stratum 7^(2, 2) odd but that the real-rel trajectory of the surface is 
divergent. On this real-rel trajectory, the vertical foliation of one 
surface is invariant under a pseudo-Anosov map (and in particular 
is uniquely ergodic), but the vertical foliations on all other surfaces 
are completely periodic. 


1. Introduction 

A translation surface is a compact oriented surface equipped with 
a geometric structure which is Euclidean everywhere except at finitely 
many singularities. A stratum is a moduli space of translation sur¬ 
faces of the same genus whose singularities share the same combinato¬ 
rial characteristics. In recent years, intensive study has been devoted 
to the study of dynamics of group actions and foliations on strata of 
translation surfaces. See (|2] for precise definitions, and see [ MaTal. Zo] 
for surveys. 

Let x be a translation surface with k > 1 singularities. There is 
a local deformation of x obtained by moving its singularities with re¬ 
spect to each other while keeping the holonomies of closed curves on x 
fixed. This local deformation gives rise to a foliation of the stratum "H 
containing x, with leaves of real dimension 2 {k — 1). In the literature 
this foliation has appeared under various names (see |Zol §9.6], |Schj . 
[ McM3j and references therein), and we refer to it as the rel foliation , 
since nearby surfaces in the same leaf differ only in their relative pe¬ 
riods. A sub-foliation of this foliation, which we will refer to as the 
real rel foliation , is obtained by only varying the horizontal holonomies 
of vectors, keeping all vertical holonomies fixed. Although neither the 
rel or the real-rel leaves are given by a group action, the obstructions 
to flowing along the real rel foliation are completely understood (see 
[MW] ) and in the special case k = 2 it makes sense to discuss the 
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Label 

Edge length 

1 

1 — a 

2 

2a - 1 

3 

a 

4,5 

a 2 

6,7 

a 3 

A 

2 a 

B 

a + a 3 

B' 

2a 2 

C, D 

a 2 + a 4 

C' 

2a 3 

D' 

2 a 2 + 2a 3 


FIGURE 1. The Arnoux-Yoccoz surface Xq with distin¬ 
guished singularities x Q . Edges with the same label are 
identified by translation, and their lengths are provided 
by the chart. Black and white points denote the two 
singularities of the surface, and grey dots denote regular 
points. 


real-rel trajectories jRel(, vx : r e M| of surfaces x without horizontal 

saddle connections joining distinct singularities. 

In genus 2, results of McMullen |McM2l IMcM4] give a detailed un¬ 
derstanding of the closure of rel leaves in the eigenform locus. These 
results should be viewed as a companion to McMullen’s classification 
of closed sets invariant under the action of G = SL 2 (M) in genus 2 
[McMlj . A recent breakthrough result of Eskin, Mirzakhani and Mo- 
hammadi [EMiMoj has shed light on the G'-invariant closed subsets for 
arbitrary strata, and the purpose of this paper is to contribute to the 
study of the topology of closures of rel leaves. Here we focus on the 
rel leaf of the Arnoux-Yoccoz surface xq (see Figure [I]), which lies in 
the connected component 'H(2 J 2) odd of the genus 3 stratum FL( 2,2). 
This surface, introduced by Arnoux and Yoccoz in [ AY J. is a source 
of interesting examples for the theory of translation surfaces. See in 
particular m, and the work of Hubert, Lanneau and Mollcr jlll.M 1 
in which the orbit-closure Gxq was determined. We denote by FI the 
sub-locus of surfaces in FL( 2, 2) odd whose area is the same as that of Xo- 

We now state our results, referring to j|2]for detailed definitions. 

Theorem 1.1. Suppose x o is as in Figure [IJ so that the horizontal 
and vertical directions are fixed by the pseudo-Anosov map of EYI 
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Then the real rel trajectory of xq is divergent in TL. Moreover, for 
any r + 0 , there is a vertical cylinder decomposition of Rel^xo, and 
the circumferences of the vertical cylinders tend uniformly to zero as 
r —*■ +oo. 


There is a symmetry of Xo swapping the vertical and horizontal di¬ 
rections. (The automorphism p\ of |Bow2] defined under Theorem 2.1 
performs this action, though our presentation differs by a diagonal el¬ 
ement of SL(2,R).) Therefore the analogous statement replacing real 
with imaginary and vertical with horizontal also holds. 

It is well-known that some real-rel trajectories exit their stratum in 
finite time due to the collapse of horizontal saddle connections. In this 
case the real rel trajectory is not defined for all time. Theorem |1.1 


shows that a real rel trajectory may be defined for all time and still be 
divergent in its stratum. 

Theorem IT has implications for the study of unique ergodicity of 
interval exchange transformations, which we now describe. Let de¬ 
note the vectors in M. d with positive entries. For a fixed permutation 
a on d symbols, and a = (ai,... ,ad) e M+, let IS = Z£ CT (a) : / —> / 
be the interval exchange transformation obtained by partitioning the 
interval / = [ 0 , 2 a i) into subintervals of lengths ay,..., and per¬ 
muting them according to a. Assuming irreducibility of a , it is known 
that for almost all choices of a, TS a { a) is uniquely ergodic, but nev¬ 
ertheless that the set of non-uniquely ergodic interval exchanges is not 
very small (see [MaTaj for definitions, and a survey of this intensively 
studied topic). It is natural to expect that all line segments in M+, other 
than some obvious counterexamples, should inherit the prevalence of 
uniquely ergodic interval exchanges. A conjecture in this regard was 
made by the second-named author in [WJ Conj. 2.2], and partial posi¬ 
tive results supporting the conjecture were obtained in [MW]. Namely, 
a special case of [ MW , Thm. 6.1] asserts that for any uniquely ergodic 
T£ 0 = Z£ CT (a 0 ), there is an explicitly given hyperplane C c con¬ 
taining a 0 , such that for any line segment £= {& s : s e 1} a with 

£ cj: £, there is an interval J 0 cr / containing 0 , such that for almost 
every s e J 0 , Z£ a (s) is uniquely ergodic. 

Nevertheless our results provide a strong counterexample to [Wl. 
Conj. 2.2], Recall that a standard construction of an interval ex¬ 
change transformation, is to fix a translation surface q with a segment 
7 transverse to vertical lines, and define TS (q, 7 ) to be the first return 
map to 7 along vertical leaves on q (where we parametrize 7 using the 
transverse measure dx). If L = (a;(r) : r e /} is a sufficiently small 
straight line segment in a stratum of translations surfaces, 7 can be 
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chosen uniformly for all rel and the interval exchanges Z£(x(r), 7 ) 
can be written as Z£ CT (a(r)) for some fixed permuation a and some line 
i = {a(r) : r 6 1} a R d (see [ MW] for more details). Thus, taking 
x(r) = Rel[. /l ' , .x'o, Theorem 


1.1 


implies: 


Corollary 1.2. There is a uniquely ergodic self-similar interval ex¬ 
change transformation I£ 0 and a line segment i cr R d such thatZ£ 0 = 
IS a (a 0 ) with a 0 in the interior of £, and such that for allaeK { a o}; 
T£ a ( a) is periodic. 

In contrast to the real-rel leaf, for the full rel leaf we have: 
Theorem 1.3. The rel leaf of xq is dense in TL. 

This is the first stratum in which an explicit dense rel leaf has been 
described. Although we only discuss the rel leaf of the Arnoux-Yoccoz 
surface in this paper, it is quite likely that the rel foliation is ergodic 
whenever k > 1 , and thus almost all rel leaves are dense in all relevant 
strata. Our work establishes the existence of dense leaves in TL = 
'H(2,2) odd but our arguments can be applied in greater generality. We 
hope to return to the general case in future work. Recently Calsamiglia, 
Deroin and Francaviglia [CDF] have announced a result which implies 
ergodicity and also exhibits many explicit dense rel leaves in principal 
strata, i.e. strata all of whose singularities are simple. Their method 
is very different from the one used in this paper. 

We have focused on the Arnoux-Yoccoz surface in genus 3 but in fact 
Arnoux and Yoccoz define one surface in each genus g ^ 3, belonging 
to TL(g — 1 ,g — l) odd . (Bowman also gives a treatment of these surfaces 
[ Bowl] .) Many of the results of this paper can be generalized to larger 
g. Although Theorem 1.1 is not true for g ^ 4, the analogous statement 


obtained by switching the roles of the vertical and horizontal directions 
and imaginary and real rel, is true. (Note that in contrast to <7 = 3, for 
g ^ 4, the Arnoux-Yoccoz surface does not seem to have a symmetry 
swapping the horizontal and vertical directions.) Also for many g ^ 4 
(for all such g < 1000 and all such prime g), the analogue of Theorem 


1.3 is true. We hope to return to this topic elsewhere. 


We now briefly comment on the proofs of our results. Since there 
is a pseudo-Anosov map (p fixing xq, there is a corresponding non¬ 
trivial diagonal element g with gx 0 = Xq, and applying this element 
to the stratum defines a map which acts on the real-rel trajectory 
'Xq : r e R I of Xq as an expansion moving points away from xq. 


The proof of Theorem 1.1 relies on an explicit elementary computa¬ 
tion, made in §[3j which shows that deforming Xq along its real-rel leaf 
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introduces periodic cylinders, and these cylinders persist for a full pe¬ 
riod of the action of g on jRelj/Ax'o : r > oj. Our computation does 
not rely on any prior theory but to put it in context, we note that the 
surfaces Rel^xo have vanishing SAF invariant in the vertical direction, 
and the ‘drift’ for the interval exchange obtained by moving along the 
vertical direction on Relj^Xo is sublinear and can be modeled arith¬ 
metically in the ring of integers in a certain cubic field. We refer to 
[ Arn . iLPV , lMcM4j for discussions of this fascinating topic. 

In H] we analyze the interaction of rel and the horocycle flow on sur¬ 
faces which have a decomposition into parallel cylinders, where both rel 
and the horocycle flow fix the waist direction of the cylinders. It will 
be convenient to choose this direction to be vertical. It turns out that 
when there are no vertical saddle connections joining distinct singulari¬ 
ties, both the horocycle and rel flows are given by linear flows on a torus 
defined by the twist parameters of the cylinders in a vertical cylinder 
decomposition. This parametrization in terms of twist parameters was 
used for the horocycle flow in [ SrnWelJ and is extended here to rel 
trajectories. In these coordinates, the horocycle flow orbit-closure is 
determined by the moduli of the cylinders while the rel orbit-closure is 
determined by their circumferences. This simple observation enables us 
to pick up additional invariance in the closure of the rel leaf. Namely, 
we find a family of 3-dimensional tori, {O r } defined for all but a dis¬ 
crete set of r > 0, each of which is the closure of the vertical rel leaf of 

Rel^xo- 


Our explicit parameterization enables us to compute the behavior 
of the tangent planes T r to O r , as r —> 0+. In f[5] we show that the 
topological limit of the O r contains the entire R-orbit of xq, where V = 


1 


S 6 


gives the vertical horocycle flow. From this, using 


[EMiMoj . we deduce that the same topological limit contains the G- 
orbit of xq, and hence, by (HLMlj . also contains the entire hyperelliptic 
locus L a T-L. We then exploit the commutation relations between 
the rel foliation and the G-action, and ergodicity of the G-action, to 


conclude the proof of Theorem 1.3 
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2. Basics 

2.1. Translation surfaces, strata, G-action, cylinders. In this 
section we define our objects of study and review their basic prop¬ 
erties. We refer to [MaTal, Zo] for more information on translation sur¬ 
faces and related notions, and for references for the statements given 
in this subsection. 

Let S' be a compact oriented surface of genus g ^ 2, let E = 
{£i, • • • , 6J c S' and let r = (rr,... ,r k ) be non-negative integers such 
that Yj 'n = 2^7 — 2. A translation atlas of type r on (S, E) is an atlas 
of charts (U a ,p a ), where: 

• For each a, the set U a a S \ E is open, and the map 

p a : U a —> M 2 

is continuous and injective. 

• Whenever the sets U a and Up intersect, the transition functions 
are local translations, i.e., the maps 

pp o p~ l : p a (U a n Up) M 2 

are differentiable with derivative equal to the identity. 

• around each £,,■ e E The charts glue together to form a cone 
point with cone angle 271(77 + 1 ). 

A translation surface structure on (S', E) of type r is an equivalence class 
of such translation atlases, where (U a ,p a ) and ( Up, p'p ) are equivalent 
if there is an orientation preserving homeomorphism h : S —*■ S', fixing 
all points of E, such that (U a , p a ) is compatible with ( h(U'p), p'p o h~ x ) . 
A marked translation surface structure is an equivalence class of such 
atlases subject to the finer equivalence relation where (U a , p a ) and 
(Up, p'p) are equivalent if h can be taken to be isotopic to the identity 
via an isotopy fixing E. Thus, a marked translation surface q deter¬ 
mines a translation surface q by forgetting the marking , and we write 
q = 7 r(q) to denote this operation. Note that our convention is that all 
singularities are labeled. 

Pulling back dx and dy from the coordinate charts we obtain two 
well-defined closed 1 -forms, which we can integrate along any path 7 
on S'. If 7 is a cycle or has endpoints in E (a relative cycle), then we 
define 




THE REL LEAF OF THE ARNOUX-YOCCOZ SURFACE 


7 


These integrals only depend on the homology class of 7 in Hi(S, E) 
and the pair of these integrals is the holonomy of 7 , 

hol(7,q)= (y(^qj) eR2 - f 2 - 1 ) 

We let hol(q) = hol(-, q) be the corresponding element of H 1 (S, E; R 2 ), 
with coordinates x(q) and y(q) in H 1 (S, E; M). A saddle connection for 
a translation surface q is a straight segment which connects singularities 
and does not contain singularities in its interior. 

The set of all (marked) translation surfaces on (S', E) of type r is 
called the stratum of (marked) translation surface of type r and is de¬ 
noted by "H(r) (resp. 'H m (r)). The map hoi : ^ m (r) —» H 1 (S, E;M 2 ) 
just defined gives local charts for endowing it (resp. 'H(r)) with 

the structure of an affine manifold (resp. orbifold). 

Let Mod(S', E) denote the mapping class group, i.e. the orientation 
preserving homeomorphisms of S' fixing E pointwise, up to an isotopy 
fixing E. The map hoi is Mod(S', E)-equivariant. The Mod(S', Enaction 
on H m is properly discontinuous. Thus 'H(r) = 'H in (r)/Mod(S', E) is a 
linear orbifold and n : 'H m ( r) —> 'H(r) is an orbifold covering map. We 
have 


dim'H(r) = dirn^ m (r) = dim H\S, E; M 2 ) = 2 ( 2 g + k - 1). ( 2 . 2 ) 

There is an action of G = SL 2 (M) on "H(r) and on 'H m (r) by post¬ 
composition on each chart in an atlas. The projection it : "H m (r) —> 
"H(r) is G'-equivariant. The G-action is linear in the homology coor¬ 
dinates, namely, given a marked translation surface structure q and 
7 6 H\(S, E), and given g e G, we have 


hol(7,#q) = 9 ■ hol( 7 ,q), (2.3) 

where on the right hand side, g acts on M 2 by matrix multiplication. 


We will write 


u* = 


9t = 


e 

0 


0 

0 — t 


Vs = 


Also we will denote 


U = {u s : s e M}, A = {g t : t e M}, 


K = \v s : s e M}, P = AU 


c G. 


The connected components of strata 'H(r) have been classified by 
Kontsevich and Zorich. We will be interested in the particular con¬ 
nected component 'H( 2 , 2 ) odd of "H( 2 , 2 ), since it is the component con¬ 
taining xq. For any r, the area of surfaces in 'H(r) is preserved by 
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the action of G and we let "H be a fixed-area sub-locus of a connected 
component of 'H( r). The convention usually adopted in the literature 
is to normalize area by setting PL to be the locus of area-one surfaces, 
but it will be more convenient for us to fix the area equal to some con¬ 
stant, e.g. the area of Xq. There is a globally supported measure on PL 
which is defined using Lebesgue measure on S;M 2 ) and a ‘cone 

construction’. It was shown by Masur that the G-action is ergodic 
with respect to this measure, and in particular, almost every G-orbit 
is dense. 

An affine automorphism of a translation surface q is a homeomor- 
phism of q which leaves invariant the set of singular points and which 
is affine in charts. Some authors require affine automorphisms to pre¬ 
serve orientation but we will allow orientation reversing affine automor¬ 
phisms. The derivative of an affine automorphism is a 2 x 2 real matrix 
of determinant +1. If this matrix is hyperbolic (i.e. has distinct real 
eigenvalues) then the affine automorphism is called a Pseudo-Anosov 
map. If the matrix is parabolic (i.e. is nontrivial and has both eigen¬ 
values equal to 1) then the affine automorphism is called parabolic. The 
group of derivatives of orientation preserving affine automorphisms of 
q is called the Veech group of q. 

Let / c R be a closed interval with interior, let c > 0 and let R/cZ 
be the circle of circumference c. A cylinder on a translation surface is 
a subset homeomorphic to an annulus which is the image of / x R/cZ 
for some / and c as above, under a map which is a local Euclidean 
isometry, and which is maximal in the sense that the local isometry 
does not extend to J x R/cZ for an interval J properly containing 
I. The parameter c is called the circumference of the cylinder, and 
the image of {f} x R/cZ for some t e int(J) is called a core curve. 
In this case the two boundary components of the cylinder are unions 
of saddle connections whose holonomies are all parallel to that of the 
core curve. If a translation surface q can be represented as a union of 
cylinders, which intersect along their boundaries, then the directions 
of the holonomies of the core curves of the cylinders are all the same, 
and we say that this direction is completely periodic and that q has a 
cylinder decomposition in that direction. 

2.2. Rel and Real Rel. We describe the foliation rel as a foliation 
on PL m ( r) which descends to a well-defined foliation on PL( r). We view 
our cohomology classes as linear maps from the associated homological 
spaces. Observe there is a restriction map 

Res : H\S,Z; R 2 ) -* H\S; R 2 ) 
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which is obtained by mapping a cochain H\ (S, E; R) 
tion to the ‘absolute periods’ c= Hi(S, Ep 

map is part of the exact sequence in cohomology, 


R 2 to its restric- 
This restriction 


H°(S\ R 2 ) -> tf°(E; R 2 ) — H\S, E; R 2 ) H\S; R 2 ) — {0}, (2.4) 
and we obtain a natural subspace 

9% = kerRes c H\S, E;R 2 ), 

consisting of the cohomology classes which vanish on H\ (S\ R) a Hi(S, E; I 
Since the sequence ( 2.4[ ) is invariant under homeomorphisms in Mod (S', E), 
the subspace 94 is Mod(S, E)-invariant. Since hoi is equivariant with re¬ 
spect to the action of the group Mod(S, E) on and H 1 (S, E; R 2 ), 

the foliation of i/ 1 (S, E;R 2 ) by cosets of the subspace 94 induces by 
pullback a foliation of "H m (r), and descends to a well-defined foliation 
on r) = 'H m (r)/Mod(S, E). The area of a translation surface can 
be computed using the cup product pairing in absolute cohomology 
and hence the foliation preserves the area of surfaces, and in partic¬ 
ular we obtain a foliation of a fixed area sublocus % (see [ BSW j for 
more details). This foliation is called the rel foliation. Two nearby 
translation surfaces q and q' are in the same plaque if the integrals of 
the flat structures along all closed curves are the same on q and q'. 
Intuitively, q' is obtained from q by fixing one singularity as a refer¬ 
ence point and moving the other singularity. Recall our convention 
that singularities are labeled, that is Mod(S', E) does not permute the 
singular points. Using this one can show that Mod (S', E) acts trivially 
on 94 = /J°(E; R) and hence the leaves of the rel foliation 

are equipped with a natural translation structure, modeled on 94. The 
leaves of the rel foliation have (real) dimension 2{k — 1) (where k = |E|). 

In this paper we will focus on the case k = 2, so that rel leaves are 
2-dimensional. We can integrate a cocycle c e 94 on any path joining 
distinct singularities and the resulting vector in M 2 will be independent 
of the path, since any two paths differ by an element of Hi(S). Thus 
in the case k = 2 we obtain an identification of 94 with R 2 by the map 
u u(5) for any path joining the singularities. Our convention for this 
identification will be that we take a path 6 oriented from to £ 2 - 
The existence of a translation structure on rel leaves implies that 
any vector u e 94 determines an every^where-defined vector field on "H. 

We can apply standard facts about ordinary differential equations to 
integrate this vector field. This gives rise to paths i/j(t) = such 

that "0(0) = q and = u. We will denote the maximal domain 

of definition of u by I q , u ■ When 1 e I q u we will say that Rel“g is 
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defined and write ip q>u (l) = RePg. Also, in the case k = 2 we will write 
Rel^g = RePg when u = ( r , 0), 

and 

Rel q = ReP q when u = (0,s). 

These trajectories are called respectively the real-rel and imaginary-rel 
trajectories. We will use identical notations for q e "H m (r), noting that 
since 7r : H m ( r) —> H( r) is an orbifold covering map, / q „ = I q u and 
7r(Rel u q) = RePg. 

Note that the trajectories need not be defined for all time, i.e. I QtU 
need not coincide with BL For instance this will happen when a saddle 
connection on q is made to have length zero, i.e. if ‘singularities collide’. 
It was shown in [ MW ] that this is the only obstruction to completeness 
of leaves. Namely, in the case k = 2, the following holds: 

Proposition 2.1. Let 'LL be a stratum with two singular points, let 
q e Lira, and let u e 91. Then the following are equivalent: 

• RcPq is defined. 

• For all saddle connections 5 on q, and all s e P. 1], 

hol(q, <5) + s ■ u(d) A 0. 

Corollary 2.2. If q has two singular points and no horizontal (resp. 
vertical) saddle connections joining distinct singularities, then Rel 
(resp. Rel^gj is defined for all r,seK. 

From standard results about ordinary differential equations we have 
that the map ( q , u) >->■ RePg is continuous on its domain of definition, 
and 

R<>(Rd<‘>,,) = Relate), RelW(RelW 9 ) = Rel£> + „(?) 

(where defined). On the other hand we caution the reader that the rel 
plane held need not integrate as a group action, i.e. it is easy to find 
examples for which 

Rel^ (Rel ^q^j # Rel^ (r eft) . 

We let G act on the stratum Ft in the usual way and also let G act on 
M 2 by its standard linear action. The action of G is equivariant for the 
map hoi used to define the translation structure on rel leaves, which 
leads to the following result (see [ BSW ] for more details): 

Proposition 2.3. Let x be a surface with two singular points and let 
m e 91 = M 2 . If ReP(x) is defined and g e G then ReP“(g:r) is defined 
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and g( Rel“(x)) = Rel 9U (gx). In particular, if q has no horizontal saddle 
connections joining distinct singularities, then for all r,s,t e M, 

gtReli h) q = Rel f r g t q. (2.5) 


2.3. The Arnoux-Yoccoz surface and its symmetries. Let a be 

the unique real solution to the polynomial equation 

a + a 2 + a 3 = 1 . ( 2 . 6 ) 


This number a is approximately 0.5437. Its algebraic conjugates are 
complex and lie outside the unit circle. Hence, its multiplicative in¬ 
verse, a -1 , is a Pisot number, i.e., its algebraic conjugates all lie within 
the unit circle. 

In [AY] , Arnoux and Yoccoz introduced the genus three translation 
surface x 0 s 'H( 2, 2) odd which was depicted in Figure [l] The surface is 
built from a 2 x 2 square with three slits and a corner cut out as shown. 
Edge lengths are elements of the ring Z(a) where a is as in (2.6). Our 
presentation is the surface of [ Arn . pp. 496-498] scaled by a factor of 
two to remove the presence of fractions from edge lengths. It will be 
convenient for us to fix this particular scaling in our computations and 
thus in the remainder of the paper we let H denote the sublocus of 
H(2, 2) odd consisting of surfaces whose area is the same as that of xq. 

Inspecting the figure and using the fact that a is cubic, one finds 
that the Z-module hol(i7i(S', E; Z), xq) has rank 6. Arnoux and Yoccoz 
described a pseudo-Anosov automorphism <p of xq, whose derivative is 

a -1 0 


9 = 


0 a 


(2.7) 


The fact that xq admits such a pseudo-Anosov is somewhat challenging 
to see. We refer the reader to [Arn. p. 498] for an explanation, see also 
Remark 13.61 

The surface xq has two singularities each of cone angle 67 t, which we 
distinguish as a black singularity and a white singularity; see Figure [TJ 
The pseudo-Anosov <p : x 0 —» x 0 preserves these two singularities. 

Aside from the pseudo-Anosov tp, the surface x 0 admits a few other 
symmetries. The surfaces admits two fixed-point free isometries whose 
derivatives are given by reflections of the plane in the x- and y -axes 
|Bow2] . (Technically, these are not affine automorphisms of xo under 
our definition, since they swap the singularities.) The composition of 
these maps gives an affine automorphism of derivative —I, which is the 
hyperclliptic involution of x 0 . 

Hubert and Lanneau showed that Xq admits no parabolic affine 
automorphisms. This led to the natural question if the Veech group of 
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Xq is elementary, i.e., just a finite extension of fig). This question was 
resolved negatively by Hubert, Laneau and Mollcr, who proved that 
there is another pseudo-Anosov automorphism of xo which does not 
commute with <p |HLM1I Theorem 1], We will not have a use for this 
extra symmetry. 

2.4. Results of Hubert-Lanneau-Moller. In this subsection we sum¬ 
marize the results of [ HLMl J. 

A generic surface in 7/(2, 2) odd does not have a hyperelliptic involu¬ 
tion, but some surfaces do. Let £ c= PL denote the subset of surfaces 
with a hyperelliptic involution. We will need the following: 

Proposition 2.4. The subset £ is of (real) codimension 2 in PL and is 
transverse to rel leaves. In particular 

{Rel' (z) : z s £, v e 94, ReE(z) is defined} 

contains an open subset of PL. 

Proof. The fact that £ is of real codimension 2 follows from the explicit 
dimension computations in |HLMlj . To see transversality, both £ and 
any rel leaf R intersecting £ are linear in period coordinates, so it 
suffices to check that they intersect in a discrete set of points. The 
hyperelliptic involution fixes the two singular points (see jHLMlj l and 
hence its action fixes each rel leaf R passing through £, acting on R 
by an affine automorphism A, such that a point on R belongs to £ 
precisely when it is a fixed point for A. Since D(A) = —Id the fixed 
points for A on R are isolated. □ 

The Arnoux-Yoccoz surface Xq is contained in £, and we have: 

Theorem 2.5 ([ HLM1L Theorem 1.3]). Gx o = £. 

2.5. Results of Eskin-Mirzakhani-Mohammadi and some con¬ 
sequences. Recent breakthrough results of Eskin, Mirzakhani and 
Mohammadi [EMil lEMiMo] give a wealth of information about orbit- 
closures for the actions of G and P on strata of translation surfaces. 
The following summarizes the results which we will need in this paper: 

Theorem 2.6. Let x be a translation surface in a stratum, PL. Then 

Gx = Px = M, 

where A4 is an immersed submanifold of PL of even (real) dimension 
which is cut out by linear equations with respect to period coordinates, 
and A4 is the support of a finite smooth invariant measure pi. Moreover 

I I (gtUs)*$x ds dt > 2 ’_ > qo g, 

1 Jo Jo 


( 2 . 8 ) 

















THE REL LEAF OF THE ARNOUX-YOCCOZ SURFACE 13 

where the convergence is weak-* convergence in the space of probability 
measures on l~i. 

The following consequence will be crucial for us, and is of indepen¬ 
dent interest. 


Proposition 2.7. Suppose that x is a translation surface and {g t x : t e 
M} is a periodic trajectory for the geodesic flow. Then Ux = Vx = Gx. 

Proof. We prove for U, the proof for V being similar. Suppose g po x = 
x,p 0 > 0 where p 0 is the period for the closed geodesic. Let 5 X denote 
the Dirac measure on x. Let p be the smooth G-invariant measure for 


which M. = Gx = supp p. By (2.8), 


p = lim 


rmpo rl 
I (dtUs)> 

Jo Jo 


S T ds dt 


m—KX> mpo J 0 Jo 

f-po m ~ 1 r 1 


= lim - 

m ->co mpo 


rp o ri 

j | (ffipo+p^s)*d x ds dp. 

Jo i=0 Jo 


(2.9) 


For each p e [0, po) we write 


v. 


p,m 


= - V 


m— 1 ^ m— 1 ~ e 2(ipo+p) 

m Xj I (9ipo+p u s)*dxds = — ^ p2(ipo +p) I ( U s g p )*5 x ds , 

i=0 i= 0 


( 2 . 10 ) 

where we have used the commutation relations g T u s = u e 2 r s g T and the 
fact that gi Po x = x for each i. Then the right hand-side of ( |2.9 ) is 
lirn m _> x T i/ PtTn dp. Let u 0 m be the measure corresponding to p = 
0, then for any p, u p>m = g p *v' 0m . Take a subsequence {mfl along 
which v o,mj converges to a measure v on TL (where v(fH) ^ 1). Then 
v Pjmj dp* 1 '- The right hand side of (2.10) shows that v is 17- 

invariant and therefore so is each g p *v, and by (2.9) we have p = 
^ 5o° 9p* v dp (and in particular v(fH) = 1). Since p is G-ergodic, by 
the Mautner property (see e.g. [EW]) it is U -ergodie. This implies 
that g pif v = p for almost every p, and (since p is {c/t }-invariant), v = p. 
These considerations are valid for every convergent subsequence of the 
sequence z/ 0m and hence u 0rn —> m ^ 00 p. Since v 0rn is obtained by 
averaging over the 17-orbit of x, the orbit Ux is dense in supp p = Gx , 
i.e. Ux = Gx. □ 


Combining Theorem 2.5 and Proposition 2.7 we obtain: 


Corollary 2.8. With the above notations, we have Vxq = C. 
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3. Periodic vertical directions 
In this section, we investigate real rel deformations of the Arnoux- 


Yoccoz surface x$. Recall that Theorem |1.1| asserts that these surfaces 
admit vertical cylinder decompositions. 


In f|3T 


we will state more 
detailed results about these cylinder decompositions. In particular, 


Theorem IT follows directly from Lemma 3A and Remark |3.5[ In §3.2[ 
we will travel through the real rel leaf, and obtain explicit descriptions 
of x r = Rel^x 0 for 1 ^ r < a 1 , which constitutes a full period under 
the action of g on the real rel leaf. Our trip through the rel leaf results 


in formal proofs of the results stated in 13.1 


3.1. Results on real rel deformations of the Arnoux-Yoccoz 
surface. Recall that a ; 0 admits a pseudo-Anosov p with derivative g as 


in (2.7). The map p would have to preserves the finite set of horizontal 
saddle connection, multiplying their lengths by a -1 , and thus Xq has 


no horizontal saddle connections. As a consequence of Corollary T 2 
we see that the horizontal rel deformation of Xo, 

r hh.- x r = Rel^x 0 

is defined for all rel. Moreover this real-rel trajectory is not periodic, 
i.e. there is no r > 0 such that x r = x 0 ; indeed if x r = x 0 and r > 0 is 


the minimal number with this property, we can apply (2.5) to obtain 
x 0 = x ar , contradicting the minimality of r. 

Let A be a genus three surface with two distinguished points, a black 
point and a white point, whose union is the set E. We use this surface 
to mark our translation surfaces. We take an arbitrary homeomorphism 
S —* xq respecting the colors of distinguished points. This also leads 
to a marking of horizontal rel deformations of Xo via homotopy within 
the bundle (J reM x r of surfaces over M. In particular, we have identified 
the topological objects associated with our surfaces. 

Each surface x r determines a natural cohomology class hol(x r ) e 
H 1 (S J £;M 2 ) via ( 2 . 1 ). Because of our conventions, hol(x r ) varies con¬ 
tinuously in r. We take our horizontal rel flow to move the white 
distinguished point rightward relative to the black point. This means 
that if 7 is the homology class of a curve moving from the black point 
to the white point, then the holonomies with respect to the different 
structures satisfy 

hol( 7 , x r ) = hol( 7 ,x 0 ) + (r, 0 ). 


We show later in the section that the surface x\ has a presentation as 
shown in Figures [2] and [5] Figure [2] shows some homology classes on the 
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Figure 2. The surface X\ = Rel^Xo with some relative 
homology classes in H { (S, S; Z). 

surface which will be important to us. Note that the surface admits a 
decomposition into three vertical cylinders, and some of the homology 
classes are clearly related to these cylinders. These homology classes 
belong to a pair of bi-infinite families of homology classes, {/3k}, {^k} c 
Several of these classes are shown in the figure, and we 
extend inductively according to the rules that for all k e Z, we have: 

(3k +4 = 7fc — f3k +2 — 7fc+2 — 27 fc+ 3, /„ -i \ 

7fc+4 = f3k — lk+2 — (3k +2 — 2 (3k+z- 

(The classes shown in Figure [2] satisfy these identities.) 

Note that H\ (S, S; Z) is a Z-module isomorphic to Z 7 . By inspecting 
the figure and using induction, one can verify the following: 

Proposition 3.1. For each he Z, the collection of homology classes 

{(3k, 7 k, (3k+i, 7fc+i> Pk+2, 7fc+2, (3k+ 3,7^+3} 

generates Hi(S, S;Z), and are related by the identity 

(3k + 7 fc = A+l + 7fc+l + (3k+2 + 7fc+2 + fik+3 + 7fc+3- 

In our trip through the rel-leaf, we will use the following result, whose 
proof will be given below: 
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Lemma 3.2. 

are: 


The holonomies of the homology classes defined above 


hoi (P k ,x r ) = 
hoi (7 k,X r ) = 


a 3 k — r 
a k + a k+2 

Q_L 

r — a 
a k + a k+2 


(3.2) 


This immediately gives an explicit relationship between these classes 
and the pseudo-Anosov <p : x 0 —> x 0 . 


Corollary 3.3. For each k, = fik+i and 9 ?* (7 k) = 7 fc+i- 

Proof. Observe that an absolute homology class in Hi(S] Z) is deter¬ 
mined by its holonomy on the surface x 0 since both and 

hol(if 1 (<S';Z),x 0 ) are Z-modules of rank 6 . Also recall that the ac¬ 
tion of (p on Xo preserves the two singularities. Fix k and consider the 
possible images of f3 k - Observe that each j3 k is representable as a path 
from the white singularity to the black singularity, so its image is as 
well. The difference of any two such homology classes is an absolute 
class. So, homology classes representable by paths from the white sin¬ 
gularity to the black singularity are also determined by their holonomy 
on xq . So, it suffices to observe that 

g- ho\(/3 k ,x 0 ) = hol(/3 fc+ i,x 0 ). 

Similar considerations hold for the classes 7 *,. □ 


The following lemma describes all vertical cylinders in the surfaces 
x r for r > 0. 

Lemma 3.4. Let r > 0 and let k e Z so that a k ^ r < a ( fc+1 b If 
r = a~ k , then x r admits a decomposition into three vertical cylinders 
C k , Ck+i, and C k +2 whose core curves represent the homology classes 
fik + lk, h+i+lk+i and fi k +2 + lk+ 2 , respectively. If a~ k < r < a~ {k+1 \ 
then x r admits a decomposition into four vertical cylinders Ck, ■ ■ ■, 
Ck +3 whose core curves represent the homology classes /3 k + Ik, • • •, 
fik +3 + lk+ 3 , respectively. 

For each j e Z, and each r satisfying a~^~ 3 ^ < r < a~^ +1 \ the 
homology class ffi + 7 j is represented by a cylinder Cj in x r . The 
circumference of this cylinder is 2a j + 2a^ +2 , and its variable width is 
given by the equation 

r — for a~^~ 3 ^ < r ^ a~fi 

oj-b'+i) _ r y or a -3 ^ r < oT^ +1 \ 


Width(Cj, x r ) 
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Label 

Edge length 

1 

1 — a 

2 

a — a 2 

3 

a — a 3 

4 

a 2 + a 3 

5 

a 2 — a 3 

6 

2a 3 

A 

2a 

B 

a + a 3 

B' 

2a 2 

C, D 

a 2 + a 4 

C 

2a 3 

D' 

2a 2 + 2a 3 


Figure 3. The deformed Arnoux-Yoccoz surface x a 3 


Rel^xo- 


Remark 3.5. A nearly identical statement holds for x r withr < 0. Be¬ 
cause xo admits a hyperelliptic involution preserving the singularities, 
we have —Ix r = X- r (see \ 2.3). 


3.2. A trip through the real rel leaf. The goal of this subsection 
is to find the rel deformations of the surface x r = Rel^Xo, with 1 ^ 
r < a -1 . The surface xq as presented has the white singularity located 
only on the top and bottom edges of our cut square. In this case, we 
can view action of Rel[ /,) as simply changing the length of edges of the 
presentation for values of r close to zero. For positive r, we can view 
it this way until the edge labeled 7 collapses when r = a 3 . At this 
point the surface becomes as presented in Figure |3} (Checking that 
edge lengths change as indicated in the figure follows from the relation 
a k = a k+1 + a k+2 + a k+3 . We omit the straightforward calculations.) 

In order to understand further deformations, we will change the pre¬ 
sentation of the surface x a 3. This surface depicted in Figure [3] has 
dotted lines on it. We cut along these dotted lines and reattach the 
two rectangles along edges A and B'. The new presentation is shown 
in Figure [4j Our changes have the effect of creating some new edges in 
the figure (labeled 8, E and E') and enlarges the edge labeled 6 into a 
new edge we call 6'. Also, both copies of the edges labeled 1 and 2 are 
adjacent in the new picture with a regular point between them, and we 
define 1' to be their union. 

Figure [4] presents the surface x a 3 in a way which allows us to un¬ 
derstand an additional rel deformation. We will further horizontally 
rel deform by a + a 2 , which will give us a total rel deformation by 
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D' 


6' 

— 


D 





B 

E 



E 


- H 

< 

— 

E' 


C D' 

8 


B 



D 


C' 


1' 

°5 

4 



E' 

---■(> 


C 


3 


-6 


Label 

Edge length 
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1 — a 2 

3 

a — a 3 

4 

a 2 + a 3 

5 

a 2 — a 3 

6 ' 

1 — a 

8 

a + a 3 

B 

a + a 3 

C, D 

a 2 + a 4 

a 

2o? 

D' 

2a 2 + 2a 3 

E 

2a - 2a 2 

E' 

a 2 — a 4 


Figure 4. The surface x a 3 , presented differently. 


a + a 2 + a 3 = 1. We think of sliding the black singularity left by a + a 2 
rather than sliding the white singularity rightward (but this amounts 
to the same thing). Note that the black singularity has cone angle 67 t, 
and so has three horizontal separatrices leaving leftward. We slit the 
surface along these leftward separatrices for length a + a 2 . These three 
segments are shown as dashed lines in Figure [4j We identify edges of 
the slits so that in the position where the black singularity was, no 
singularities remain. Thus the black point is replaced by three regular 
points. This determines the gluings of the slits, and when this is done, 
the leftmost points of the three slits are identified to form a new 67T 
cone singularity. This is the image of the black singularity under the 
deformation. In order to display the result, we also cut the surface up 
a bit more (along the dotted lines) and rearrange the pieces to show 
the result. Figure [5] shows the resulting surface X\. 

We observe that the surface x\ admits a vertical cylinder decompo¬ 
sition into three cylinders. This is the beginning of the intervals worth 
of surfaces {x r : 1 ^ r < a -1 } which we will analyze more closely. 

Let us pause our trip to note that we have essentially proved the 
Lemma which provides the holonomies of our favorite homology classes. 


Proof of Lemma \3.% Figure [2] shows the homology classes j3k and y*, 
for k e {0,..., 4}. The presentation of X\ shown in Figure[2]is the same 
as the one shown in Figure [5j The latter figure gives the dimensions 
of the shape, and we can read off the holonomies of these classes on 
the surface X\ from the figure, 
when r = 1. 


We check that they agree with (3.2) 
This works when k 


{0,..., 4}, but we can use the 
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Label 

Edge length 

V 

1 — a 2 

4' 

a + a 2 

6' 

1 — a 

D', D" 

1 — a 2 

F, F' 

a — a 3 

G, H 

a 2 — a 4 

I 

2 a 3 


Figure 5. The surface X\ admits a decomposition into 
three vertical cylinders. Dotted lines show the images of 
pieces from Figure [4j 


inductive formula ( |3.1 ) to extend this and observe it holds for all fceZ 
when r = 1. Furthermore because the paths representing the classes 
/3k move from a white singularity to a black singularity and the paths 
representing the classes do the opposite, they satisfy: 


hol(/3 fe , x r ) = hol(/3 k , xi) + (1 - r, 0 ), 
hol( 7 fc, x r ) = hol( 7 fc ,xi) + (r - 1 , 0 ). 


This observation allows us to verify (3.2) for all r. 


□ 


We continue the deformation by sliding white singularities to the 
right relative to the black singularities. As r increases slightly beyond 
1, the surface immediately develops a new vertical cylinder, see Figure 
[ 6 j This figure describes surfaces x r for 1 < r < cc _1 . 


Proof of Lemma S.f. We begin with the first paragraph of the Lemma. 




Observe that the statement is true when r = 1 and when 1 < r < a 
From Figure [2j we can see that the upward-oriented core curves of the 
vertical cylinders represent the homology classes (3o + 70 , j3\ + 71 and 
P 2 + 72 - By rel-deforming this picture into x r with 1 < r < a -1 , we 
can see that when r is in this interval, we get a new cylinder whose 
core curve represents (3% + 73 . Now consider the case of general r > 0. 



























20 


W. PATRICK HOOPER AND BARAK WEISS 



Label 

Edge length 

V 

r — or 

4' 

a + a 2 

6 ' 

r — a 

9 

r — 1 

D\ D" 

1 — a 2 

F, F’ 

a — a 3 

G, H 

or — a 4 

I 

2a 3 


Figure 6 . The surface x r = Rel^-Ao with 1 < r < a 1 
admits a decomposition into four vertical cylinders. 


We have a~ k ^ r < a~ ( ' k+1 ' 1 for some integer k as stated in the lemma. 
Recall g(x s ) = x a -i s . Set s = a k r. Then, 1 ^ s < aT 1 . Since g k (x s ) = 
x r , we see that both x s and x r admit a cylinder decompositions into 
three cylinders if r = a~ k and four cylinders otherwise. Recall that 
the action of g on homology of these surfaces agrees with the action 
of p. Using Corollary |3.3 we see that the homology classes of these 
cylinders are given by 

<F*(A + 7i) = A+fc + 7 i+k 

for i e {0,1, 2} if r = oT k and for i e {0,1, 2, 3} otherwise. 

As in the lemma, we identify Cj as the cylinder whose core curve has 
homology class /3j + 7 j. From the prior paragraph, we note that this 
cylinder appears in x r when a~ k ^ r < and when j = i + k 

for i e {0,1, 2, 3} unless r = a~ k in which case i = 3 is not allowed. 
Thus, we get a cylinder whose core curve has homology class / 3j + 7 j 
when < r < a~^ +1 h The second paragraph of the Lemma 

concerns the geometry of these cylinders. Their circumferences can 
be determined from the holonomies of the core curves, which can be 


computed using Lemma 3.2 


To compute the widths of the cylinders, observe that for 1 < r < a 1 
the widths of cylinders Ci, C 2 , and C 3 are given by the horizontal 
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holonomies of 71 , 72 , and 73 , respectively. See Figure [ 6 j The width 
of Co on the other other hand is given by the horizontal holonomy of 
70 — 273 . By applying the action of g to these formulas, and using (2.5), 
we obtain the widths of all cylinders in the surface x r for all r > 0 . □ 


Remark 3.6. If we were to continue our trip and compute the geometry 
of x a -i we would find that x a -i = gx\. This implies that g fixes x 0 , 
because we would have 


gx 0 = gRel^x { = Rel^_ 


1 gx 1 = Re\ (h 'l 


-lX a 1 Xq, 


where we use (2.5) in the second equality. This provides an independent 
proof that x 0 admits a pseudo-Anosov self-map with derivative g. 


4. Minimal tori for the horocycle flow and vertical rel 

In this section we give basic information about rel leaves of periodic 
surfaces. We will work with vertical rel as this is what we will need in 
other parts of the paper. While the results below are elementary, they 
are of independent interest and we formulate them in greater generality 
than we need. 

4.1. Twist coordinates. Let x be a marked translation surface with 
a non-empty labeled singular set E, and suppose x is completely pe¬ 
riodic in the vertical direction. Then x admits a decomposition into 
vertical cylinders, and the surface can be recovered by knowing some 
related combinatorial data and some geometric parameters. Denote the 
vertical cylinders by C 1 ,..., C m . A separatrix diagram for a vertical 
cylinder decomposition consists of the ribbon graph of upward-pointing 
vertical saddle connections forming the union of boundaries of cylin¬ 
ders, whose vertices are given by E (with orientation at vertices induced 
by the translation surface structure on a neighborhood of the singular 
point), and an indication of which pairs of circles in the diagram bound 
each cylinder C). For more information see [KoZo] . where this notion 
was introduced. We add more combinatorial information by selecting 
for each vertical cylinder C\ a rightward-oriented saddle connection cr* 
joining the left side of C % to the right side. The union of the separatrix 
diagram and the saddle connections cr, still has a ribbon graph struc¬ 
ture induced by the surface. The complete combinatorial data for our 
cylinder decomposition consists of a labeling of cylinders, and the rib¬ 
bon graph which is the union of the separatrix diagram and the saddle 
connections cu, i = 1 , ..., m. 

Fixing the number and labels of cylinders and the combinatorial data 
above, the marked translation surface structure on x is entirely deter¬ 
mined by the following parameters', the circumferences < 7 ,..., c m e M >0 
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of the cylinders; the lengths £i,...,£ n s M >0 of the vertical saddle con¬ 
nections along the boundaries of the cylinders; and the holonomics 

hol(< 7 j, x) = (xi,yi) e M >0 x M (4.1) 

of each saddle connection a, for m. Observe each Xi records 

the widths of the cylinder C). 

We call the numbers y t the twist parameters. Observe that we can 
vary the twist parameters at will. That is, given x as above, there is a 
map 

(y 1 ,...,^ m )-x, (4.2) 

where x is the surface built to have the same parameters as x except 
with twist parameters given by t/i,..., y m , and where TL m is the space 
of marked translation surfaces structures modeled on the same surface 
and singularity set as x. Let it : TL m —> Tt be the natural projection. 
The image of n o <f> is the set of all translation surfaces which have 
a vertical cylinder decomposition with the same combinatorial data as 
x = 7 r(x), and the same parameters describing cylinder circumferences, 
lengths of vertical saddle connections, and widths of cylinders. We refer 
to this set as the vertical twist space at x, and denote it by VT X . We 
wish to explicitly parameterize this space. 

Let 7 /i,..., y m denote the twist parameters for x, and choose a second 
set of twist parameters yi,..,,y m . Then x can be obtained from x 
by slicing each cylinder C\ along a geodesic core curve and regluing 
so that the right side has moved upward by iji — y % . Thus for each 
'yeH 1 (S,Z; Z), 

m 

h°l (7, x) = hoi (7, x) + Yi (0, (Vi - Vi)( 7 n Q)) (4.3) 

i =1 

where n from 7 n C* denotes the algebraic intersection pairing, 

n : H^S, S; Z) x H^S \ S; Z) -> Z, 

taken between 7 and a core curve of the cylinder C(. Writing C* s 
Lf 1 (5 l , S; Z) to denote the cohomology class defined by 

C*( 7)=7nCi, (4.4) 

we see the following: 


Proposition 4.1. The map $ is an affine map whose derivative is 




_d_ 

dyi 


(0,(7*) e H^S^-R 2 ), i = 1,... pm. 


(4.5) 
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Recall that <f> defined in (4.2) maps vectors to elements of H m , 
i.e. marked surfaces. Since holonomies of the saddle connections cq 
distinguish surfaces in the image, $ is injective. However, the map 
7 T o <f> : W 71 —» % is certainly not injective. In the space l~i we consider 
translation surfaces equivalent if they differ by the action of an element 
of Mod(S', £). Let M(x) c Mod(5', E) denote the subgroup consisting 
of equivalence classes of orientation preserving homeomorphisms of x 
such that: 


• Each cylinder C) is mapped to a cylinder C 3 of the same cir¬ 
cumference and width. 

• Each upward-pointing vertical saddle connection is mapped to 
an upward-pointing vertical saddle connection of the same length, 
respecting the orientation. 


Note that each element of M(x) preserves the image of <f>, and that 
distinct twist parameters yield the same surface in "H if and only if 
they differ by an element of M(x). In light of Proposition 4.1[ M(x) 
pulls back to an affine action on the twist parameters, and we obtain 
an affine homeomorphism 


$ : M m /M(x) — VT X ci U. (4.6) 

Some elements of the subgroup M(x) are clear. Each Dehn twist 
t i e Mod(S', £) in each vertical cylinder C', lies in M(x). The action 
of Tj on twist parameters just affects the twist parameter yt of Ci and 
has the effect of adding <q, the circumference of Ci. The multi-twist 
subgroup Mo(x) = <Yi,..., r m ) of M(x) is isomorphic to Z m . Moreover, 
M(x) acts by permutations on the vertical saddle connections, and 
M 0 (x) is the kernel of this permutation action, and hence is normal 
and of finite index in M(x). Thus we have the following short exact 
sequence of groups 


{1} —* M 0 (x) —* M(x) —* A —* {1}, 


(4.7) 


where A is a subgroup of the group of permutations of the vertical 
saddle connections. We set T = M m /M 0 (x) = fd^M/cjZ (an m- 
dimensional torus). By normality, the action of M(x) on M m descends 
to an action on T which factors through A via (4.7). Thus we have the 
sequence of covers 


M m -► T M m /M(x) ^ T/A. 

We see that VT X is isomorphic to the quotient of a torus by an finite 
group of linear automorphisms. When A is trivial, we actually have 
M m /M(x) = T. Thus the following holds: 
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Proposition 4.2. Suppose that the vertical cylinders of x have distinct 
circumferences or distinct widths, and that each cylinder has a saddle 
connection on its boundary whose length is distinct from the lengths of 
other saddle connections on the boundary. Then M(x) = M 0 (x) and 
therefore <f> : T —>• VT X is an isomorphism of affine jnanifolds. 


Remark 4.3. The above discussion equips the quotient VT X = T/A 
with the structure of an affine orbifold, since it is the quotient of T 
by the action of a finite group of affine automorphisms A. For an 
example in which A is nontrivial and VT X is not a torus, let x be the 
Escher staircase surface obtained by cyclically gluing 2 m squares (see 
e.g. [ LW . Figure 3]J. The surface has m parallel cylinders, the torus 
T is isomorphic to (M/Z) m ; and the group A contains the group of 
cyclic permutations of the coordinates, realized by homeom.orphisms of 
the surface which go up and down the staircase. 


Remark 4.4. The maps (4.2) and (4.6) were used in jSmWelj in order 
to analyze the horocycle flow on completely periodic surfaces, but the 
case in which A is nontrivial was overlooked. We take this opportunity 
to rectify an inaccuracy: in [SmWel . Prop. 4, case (2)] instead of a 
torus we should have the quotient of the torus by a finite group. This 
does not affect the validity of other statements in [SmWel ]. 


4.2. Vertical rel flow in twist coordinates. Now we will specialize 
to the setting where x e Fi m has two singularities, which we distinguish 
as a black singularity and a white singularity. Figure [7] shows an exam¬ 
ple. We continue to suppose that the vertical direction is completely 
periodic, but now we will also assume that x admits no vertical sad¬ 
dle connections joining distinct singularities. That is, each boundary 
edge of each vertical cylinder contains only one of the two singular¬ 
ities. We will order the cylinders so that Cj,..., C4 have the white 
singularity on their left and the black singularity on their right, so that 
Ck- fi,..., Ct have the black singularity on their left and the white sin¬ 
gularity on their right, and Cg + 1 ,..., C m have the same singularity on 
both boundary components. 

We observe that the vertical rel flow applied to a surface in the 
vertical twist space can be viewed as only changing the twist param¬ 
eters. Concretely, Rel^ decreases the twist parameters of cylinders 
..., Ck by r, increases the twist parameters of Ck+i,... ,Cg by r, 
and does not change the twist parameters of Cg+ 1 ,..., C m . Therefore 
we And: 
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Proposition 4.5. The vertical twist space VT X is invariant under 
Rcl (i;) . Define 


w 6 



if i ^ k 
if k < i ^ £, 
if i > l. 


Then the straightline flow 


Ff :y^y + rw 

on induces a well-defined straightline flow on M m /M(x) and § is a 
topological conjugacy from this flow to the restriction of Rel^ to VT X ; 
that is $ o Ff. = Rel^ o $ for every r. 


Proof. In the case M(x) = M 0 (x), the vertical twist space VT X is iso¬ 
morphic to the torus T and it is straightforward to check that the effect 
of applying R,el{. <;) on the twist coordinates is exactly y t >-» y, : + rwf, 
giving the required conjugacy. In the general case we need to show 
that the action of F~ and of the group A on T commute; indeed this 
will imply both that the action of Ff, on T/A = VT X is well-defined, 
and that intertwines the straightline flow Ff on M m /M(x) with 
the vertical rel flow R,el| r) on VT X - The definition of the Wi implies 
that Ffi and A commute provided the permutation action of M(x) on 
the vertical cylinders preserves each of the three collections of cylin¬ 
ders {Ci, ..., C k }, {C fc+ i, ..., C e ], {C e+1 , ..., C m }; this in turn follows 
from our assumption that singularities are labeled, and the definition 
of M(x). □ 


Given a real vector space V, a Q- structure on V is a choice of a 
Q-linear subspace Vo such that V = Vo (x)q M (i.e. there is a basis of 
Vo as a vector space over Q, which is a basis of V as a vector space 
over M). The elements of Vo are then called rational points of V. If 
Vi, V 2 are vector spaces with Q-structures, then a linear transformation 
T : Vj —> V 2 is said to be defined over Q if it maps rational points to 
rational points. There is a natural Q-structure on hf 1 (S', E; M 2 ), namely 
H 1 ^, E; Q 2 ). Since the action of Mod(S', E) preserves HflS, E; Z) this 
induces a well-defined Q-structure on PL. Moreover since PL is an affine 
manifold locally modeled on H 1 (S, E;M 2 ), the tangent space to PL at 
any x e PL inherits a Q-structure. With respect to this Q-structure, we 
obtain: 


Proposition 4.6. Retaining the notation above, let 


0(x) - In-l'V :jeH)c vt, 


(4.8) 
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Then 0(x ) is a d-dimensional affine sub-orbifold ofTL, where d is the 
dimension of the Q -vector space 


span Q 



-1 1 


Ck Ck +1 



(4.9) 


Moreover, for every x, the tangent space to 0{x) is a Q -subspace of 
H\S, E;M 2 ). 


Proof. We will work with the standard m-torus T m = M m /Z m , and 
define 


d' ; T” 1 VT X ; (fl, • • • , tm) , Cmtrn). 


(4,10) 


Then the conjngacy from Proposition |4.5| leads to a semi-conjugacy 
from the straight-line flow on T m in direction 


v = 


-1 

Cl : 


-1 


Ck Qc+1 


Q 


The orbit closure of the origin of this straight-line flow is a rational 
subtorus, and the tangent space to the origin is the smallest real sub¬ 
space V of M m defined over Q and containing the vector v. Every 
rational relation among the coordinates of v gives a linear equation 
with Q-coefficients satisfied by v, and vice versa; this implies that the 


dimension of V is the same as the rational dimension of (4.9). 

Similarly to (4.10), let T : —> PL 

$(cp i, 


be defined by T(fi,..., t m ) = 
,c m t m ). Then T intertwines the action of on M m by 
translations, with the action of M 0 (x) on the image of T, and we have 
0(x ) = 7r(T(E)). Let v \,..., Vd be a basis of V contained in Z m , and 
let T c Z m be the sub-lattice (vi ,..., vf). The subspace V is fixed by 
the action T c by translations, and T intertwines this translation 
action with a translation action of a subgroup of Mo(x). Thus in order 
to prove that the tangent space to O(x) is defined over Q, it is enough 
to prove that any element of Mo(x) acts by translation by a rational 
vector. 

As we have seen (see (4.3)), the action of each r t on Lf 1 (S', E; M 2 ) is 


induced by its action on Pfi(S, E; Z) via 


7 7 + (7 n CJCi, 


i.e. by translating by a vector in Hi(S, E; Z). Now the assertion follows 
from the definition of the Q-structure on Lf 1 (S', E; M 2 ). □ 
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Figure 7. Cylinders on the surface x r with 1 < r < a 


4.3. Vertical rel flow on deformations of the Arnoux-Yoccoz 
surface. We now specialize further to x r = Rel x 0 • Throughout this 
section we assume that r > 0 and r not an integral power of a. Then 
x r admits a decomposition into four cylinders by Lemma 3.4 For such 
r, define O r = 0(x r ) via (4.8), and denote the tangent space to O r at 
x r by T r . Then we have: 


Lemma 4.7. With the notation above, T r is a 3-dimensional Q-subspace 
of H\S,E-R 2 ), and O r is a three dimensional affine torus. 


Proof. Let k e Z such that a 


-k 


< r < 


a ( fc+1 h Lemma 3.4 tells us that 


x r has a four cylinder decomposition with cylinders named Ck, C^ + 1 , 
Ck +2 and Cfe+s, and by Lemma 3.2[ their circumferences are 

q = 2afl +a 2 ). (4.11) 

Following Proposition 4.6 we consider the Q-vector space 


S = spaiiQ t — 


:- 1 - 3—1 

’ ’ ’ I 

Ck 1 ^fc+2 3 ) 


(The signs are irrelevant for our purposes, but can be determined 
by noting that there is a k e Z so that g~ k x r is one of the sur¬ 
faces represented by Figure 0 ) Scaling by q, +3 we have Cfc +3 5 = 
spanQ(l, a, a 2 , a 3 ) = Q(a). Since a is cubic, diniQ S = diniQ Q(cc) = 3. 
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This proves the first assertion. For the second one, we note by in 
specting Figure [ 6 ] that 
when 1 < r < a 


x r satisfies the conditions of Proposition |4.2 
-1 We can extend to all r as above by an appropriate 


action of a power of g. This means that the map <f> given in (4.6) is 


injective, and the image is a 4-dimensional rational torus in TL( 2,2). 

O r is an affine 3-dimensional sub-torus. 


By Proposition 4.6 


□ 


Define the vertical twist cohomology subspace P to be the real sub¬ 
space of Ff 1 (S’, E; M 2 ) spanned by the classes of the form (0, C*), where 
C varies over the cylinders of x r . As we have seen, P is the tangent 
space to VT r - In light of Proposition 3.1 and Lemma 3.4 P is inde¬ 
pendent of r, and by Proposition 4.6 , contains the subspace T r for all 
r as above. 

The subspace P is related to horizontal holonomy in the surface x r , 
as follows. If Ci are the vertical cylinders on x r , £; are their widths 
(that is are the Xi of (4.1)), and C* e if 1 (S', E; Z) are their dual 


classes as in (4.4), then for each 7 e Hi(S , E; Q) 

hol*( 7 , x r ) - 2& c i(7). 


(4.12) 


Therefore we see: 


Corollary 4.8. The action of p* on E;M 2 ) preserves the sub¬ 

space P. The cohomology class (0, hol x (xo)) e H 1 (S, E;M 2 ) lies in P 
and is a dominant eigenvector for the action of p* on P. The corre¬ 
sponding eigenvalue is or 1 . 


Proof. Since gx r = x a -i r , p maps the cohomology classes represented 
by core curves of vertical cylinders on x r , to cohomology classes rep¬ 
resented by core curves of vertical cylinders on x a -i r . Since P is in¬ 
dependent of r, we find that p* preserves P. By equation (4.12) and 
from the definition of P, we see that (0, hol x (ay)) lies in P for all r. By 
projecting onto the second summand in M 2 = M © M we can identify 
P with a subspace of Lf 1 (S', E; M), and we continue to denote this sub¬ 
space by P, then we have shown that hol x (x r ) e P for all r as above, 
so letting r —> 0 we find that hol x (x 0 ) e P. Since p is a pseudo-Anosov 
on Xo with derivative g, we know that 

<£>*hol x (£o) = a _ 1 hol x (a;o). 


Moreover it is known E that the action of a pseudo-Anosov map on 
E; M) has a unique dominant eigenvector whose eigenvalue is the 
expansion coefficient of the pseudo-Anosov, in this case cx _1 . Thus 
hol x (xo) is an dominant eigenvector for the action of p* on E; M) 

and hence also for the action on P. □ 
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Let Pi = span{hol x (.x'o)} c= P. Since Pi is generated by a dominant 
eigenvector, there is a (^-invariant complementary subspace P 2 . We 
have: 


Corollary 4.9. 

tained in P 2 . 


For any r as above, the subspace T r cr P is not con- 


Proof. Suppose by way of contradiction that T r c: P 2 . By counting 
dimensions, we obtain that T r = P 2 and in particular that <^*(T 2 ) = P 2 . 
Consider the yP-equivariant projection Res : P 1 (S', S;M) —> PQSjM) 
as in (2.4) (where we take coefficients in M), and set 

T r = Res(T r ) and P = Res(P). 

By definitio n of the respective Q-structures, Res is defined over Q, so by 
Proposition 4.6, T r is a Q-subspace of P, which is invariant under ip* 


Since T r contains the tangent direction to Rel,^, which is contained in 
the kernel of Res, we find that dim T r = 2. Thus we have found a two- 
dimensional -invariant Q-subspace of P. But one of the eigenvalues 
of ip* on P is the cubic number ct -1 . This is a contradiction. □ 

Theorem 4.10. For any r as above, let r n = a n r —* 0. Then 


V'Xn 


IK 


Proof. In the affine orbifold structure on PL, the orbit Vx is a line, and 
the sets O rn are linear submanifolds. Since x rn —> xq it suffices to show 
that the set of accumulation points of the tangent space T Vn contains the 
tangent direction to V. By definition of the R-action, the derivative of 
the vertical horocycle flow ^[v s Xo\ (as an element of the tangent space 
to PL at xq, identified with Fd l (S, £;M 2 )) is precisely (0, hol x (x 0 )) • By 
Corollary 4.8, (0,hol x (xo)) is the dominant eigenvector for the action 
of ip* on P. So it is enough to show that T r contains a vector which 
projects non-trivially onto Pi, with respect to the decomposition P = 
Pi ©P 2 . But this is immediate from Corollary 4.9 □ 


5. The closure of a leaf 


Proof of Theorem T3_. Let PL denote the set of surfaces in 'H odd (2,2) 
with the same area as xq, and let 12 c= PL denote the closure of the rel 
leaf of xq. For any r > 0 and r not an integral power of a, Pt contains 
O r = 0{x r ) (as in(4.8)). Hence by Theorem 4.10, 12 contains the orbit 
Vxq. Now using Corollary T8, 12 contains the hyperelliptic locus C. 

Since 12 is saturated with respect to the Rel foliation, for any z e C 
and any u s 91 for which Rel“(z) is defined, 12 contains Rel“(z). Given 
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z s £. and g s G, gz s C since C is G-invariant. Moreover, if Rel u 


is defined, by Proposition 2 T 3 J Rel 9U (gz) = c/ReT 
contained in The set 


(z) is also defined and 


{Rel M (z) : z e C, u e 94, Rel“(z) is defined} 


contains an open subset U of 'H( 2,2) by Proposition 2.4 Since U has 


positive measure, with respect to the natural flat measure on ft, we 
can apply ergodicity of the G-action, to find that U contains a point 
zo for which Gz 0 = %. Since Gz 0 cz 12 we find that Q = %. □ 


References 

[Arn] P. Arnoux, Un exemple de semi-conjugaison entre un echange dintervalles et 
une translation sur le tore, Bull. Soc. Math. France 116 (1988), 489-500. 

[AY] P. Arnoux and J.C. Yoccoz, Construction de diffeomorphismes pseudo- 
Anosov, C. R. Acad. Sci. Paris 292 (1981), no. 1, pp. 75-78. 

[BSW] M. Bainbridge, J. Smillie and B. Weiss, Dynamics of the horocycle flow on 
the eigenform loci in 74(1, 1), preprint (2015) in preparation. 

[Bowl] J. Bowman, The complete family of Arnoux-Yoccoz surfaces, Geometriae 
Dedicata 164 (2013), no. 1, pp. 113-130. 

[Bow2] J. Bowman, Orientation-reversing involutions of the genus 3 Arnoux-Yoccoz 
surface and related surfaces. In: Bonk, M., Gilman, J., Masur, H., Minsky, Y., 
Wolf, M. (eds.) In the Tradition of AhlforsBers. V, vol. 510 of Contempo¬ 
rary Mathematics, pp. 1323. American Mathematical Society, Providence, RI 
( 2010 ). 

[CaSm] K. Calta and J. Smillie, Algebraically periodic translation surfaces, J. Mod. 
Dyn. Vol. 2, No. 2, 2008, 209-248. 

[CDF] B. Deroin, MSRI lecture 4-16-2015, 

https://www.msri.org/workshops/743/schedules/19650 

[EW] M. Einsiedler and T. Ward, Ergodic theory with a view toward number 
theory, Graduate texts in math. 259 (2011). 

[EMi] A. Eskin and M. Mirzakhani, Invariant and stationary measures for the 
SL(2,R) action on moduli space, preprint (2014). 

[EMiMo] A. Eskin, M. Mirzakhani and A. Mohammadi, Isolation theorems for 
SL 2 (MI)-invariant submanifolds in moduli space (preprint) 2013. 

[MaTa] H. Masur and S. Tabachnikov, Rational billiards and flat structures, in 
Handbook of dynamical systems, Enc. Math. Sci. Ser. (2001). 

[HL] P. Hubert and E. Lanneau, Veech groups with no parabolic element, Duke 
Math. J. 133(2), 335-346 (2006) 

[HLM1] P. Hubert, E. Lanneau, M. Moller, The Arnoux-Yoccoz Teichmuller disc, 
Geom. Func. Anal. (GAFA) 18 (2009), no. 6, 1988-2016. 

[HLM2] P. Hubert, E. Lanneau, M. Moller, GL 2 (K)-or6zte via topological splittings, 
Surveys in Differential Geometry 14 (2010) 145-169. 

[K 0 Z 0 ] M. Kontsevich and A. Zorich, Connected components of the moduli spaces 
of Abelian differentials with prescribed singularities, Invent. Math. 153 (2003), 
no. 3, 631-678. 

[LW] S. Lelievre and B. Weiss, Surfaces with no convex presentations, (2013) to 
appear in GAFA. 








THE REL LEAF OF THE ARNOUX-YOCCOZ SURFACE 


31 


[LPV] J. H. Lowenstein, G. Poggiaspalla, and F. Vivaldi, Interval exchange trans¬ 
formations over algebraic number fields: the cubic Arnoux- Yoccoz model, Dyn. 
Syst. 22 (2007), 73-106. 

[McMl] C. T. McMullen, Dynamics of SL 2 (ffi) over moduli space in genus two. 
Annals of Math. 165 (2007), 397-456. 

[McM2] C. T. McMullen, Foliations of Hilbert modular surfaces, Amer. J. Math. 
129 (2007), 183-215. 

[McM3] C. T. McMullen, Navigating moduli space with complex twists, J. Eur. 

Math. Soc. (JEMS) 15 (2013) 1223-1243. 

[McM4] C. T. McMullen, Cascades in the dynamics of measured foliations, To 
appear in Annales scientifiques de TENS. 

[MW] Y. Minsky and B. Weiss, Cohomology classes represented by measured foli¬ 
ations, and Mahler’s question for interval exchanges, Annales scientifiques de 
PENS 47 (2014). 

[R1 E. R.ykken, Expanding factors for pseudo-Anosov homeomorphisms, Mich. 
Math. J. 46 (1999) 281-296. 

[Sch] M. Sclimoll, Spaces of elliptic differentials, in Algebraic and topological 
dynamics, S. Kolyada, Yu. I. Manin and T. Ward eds., Cont. Math. 385 
(2005) 303-320. 

[SnrWel] J. Smillie and B. Weiss, Minimal sets for flows on moduli space, Isr. J. 
Math, 142 (2004) 249-260. 

[W] B. Weiss, Dynamics on parameter spaces: submanifold and fractal subset ques¬ 
tions, in Rigidity in Dynamics and Geometry, M. Burger and A. Iozzi, 
eds, 425-440. Springer (2002). 

[Zo] A. Zorich, Flat surfaces, in Frontiers in number theory, physics and 
geometry, P. Cartier, B. Julia, P. Moussa and P. Vanhove (eds), Springer 
(2006). 

City College of New York, 160 Convent Ave, New York, NY, USA 
10463 whooper@ccny.cuny.edu 

Tel Aviv University barakw@post.tau.ac.il 



